The Ising model on a checkerboard lattice is reduced to a horizontal-layered free-fermion eight-vertex model by using Morita's techniques of division and integration and then the exact expression of the spin-pair correlation function of the model is given. The spontaneous magnetization and the asymptotic behavior of the spin-pair correlation function between two spins separated by a large distance are obtained. § 1. Introduction
The exact expressions of the free energy and of the spin-pair correlation function of the Ising model on the square lattice were first obtained by Onsager 1 ) and Kaufman and Onsager, 2) respectively. The asymptotic behavior of the spin-pair correlation function for large spin separations was obtained by WU,3) and McCoy andWu. 4 ) V dovichenko 5 ), 6) proposed the diagrammatical technique in order to obtain the exact expressions for the free energy and the spin-pair correlation function of the Ising model. Morita 7 )-9) proved that V dovichenko's method is valid for general twodimensional Ising models with non-crossing interactions. Fan and WU10),1l) calculated the exact expression of the free energy of the "free-fermion eight-vertex model" that is the eight-vertex model on the square lattice with the "free-fermion condition". They used the algebraic technique 10 ) and Pfaffian method ll ) for this calculation. WiegeP2),13) applied V dovichenko's method to this system and obtained the same result for the free energy as Fan and Wu's result. Tanaka and Morita l4 ) suggested that V dovichenko's method can be justified for general free-fermion eight-vertex model. Morita 9 ) proved exactly for the Ising model on the general two-dimensional lattice with sublattices that the spin-pair correlation function between two spins belonging to the same sublattice is expressed by an N x N block Toeplitz determinant, when the two spins are separated by distance N. Au-Yang and McCoyl5) treated the asymptotic form of an N x N block Toeplitz determinant for large N, which is related to the spin-pair correlation function of the layered Ising model on the square. lattice. Tanaka, Morita and Hiroike l6 ) reformulated their theory and applied it to the axialnext-nearest-neighbor Ising (ANNNI) model on the brickwork lattice. Reference 16) will be referred to as I.
Recently, Debauche, Diep, Azaria and Giacomonj17),18) suggested a method by which we can calculate the exact expression of the free energy of the Ising model on the generalized Kagome lattice. Their method was based on a result which was given by Gaaff and Hijmans l9 ) for the symmetric sixteen-vertex model with freefermion conditions. Unfortunately, if we calculate the exact expression of the spin-pair correlation function of this system by using V dovichenko's method, we must treat the inverse of a 16 X 16 matrix. Wu and Lin 20 ) discussed the "disorder point" of the Ising model on a checkerboard lattice without deriving the spin-pair correlation function. They used a criterion proposed by Stephenson. 21 ) It is clear that the Ising model on the generalized Kagome lattice is an Ising model on the checkerboard lattice, if a trick used by Baxter 22 ) and Wu and Lin 23 ) is applied. By using the criterion, Debauche, Diep, Azaria and GiacomonP7) calculated not only the critical temperature but also the disorder lines of the Ising model on the generalized Kagome lattice without calculating the spin-pair correlation function. They pointed out that the phase diagram exhibits severed interesting features: successive transitions with re-entrance, partial disorder and disorder lines. In this situation, it is interesting to obtain the spontaneous magnetization and the asymptotic behavior of the spin-pair correlation function of the Ising model on the checkerboard lattice, which includes the Ising model on the generalized Kagome lattice. Morita 24 ) recently introduced techniques of division and integration and suggested that many Ising models in two dimensions are reduced to the free-fermion eight-vertex model by using the techniques, and the exact expression of the free energy takes the form for the free-fermion eight-vertex model given by Fan and Wu,I°),ll) and Wiegel. 12 ),13) In a separate paper,25) we show explicitly that the system resulted after an application of the techniques is identified with a free-fermion vertex model. References 24) and 25) will be referred to as II and III, respectively.
In this paper, we apply the techniques of division and integration to the Ising model on the checkerboard lattice, and we reduce the calculation of the exact expression not only for the partition function but also for the spin-pair correlation function of the Ising model into one for a horizontal-layered free-fermion eight-vertex model on the square lattice. We derive the exact expression for the spin-pair correlation function of the Ising model and obtain its asymptotic behavior for large spin separations. The exact expression for the correlation function is expressed in terms of a block Toeplitz determinant, which is determined by a matrix function. In I, theorem 3.1 was used to factorize the matrix function and then to reduce the block Toeplitz determinant to an ordinary Toeplitz determinant. It is not obvious that theorem 3. 1 is applicable to the generating matrix function in this system. In this paper, we give theorem 3.1 of I in an extended form and use it to obtain explicitly a symmetric factorized form of the matrix function. We obtain two kinds of asymptotic behavior for large spin separations by using theorems 3.2 and 3.3 of I.
In § 2, we derive the exact expressions of the free energy and of the spin-pair correlation function by using the techniques of II. In § 3, we summarize some theorems for the block Toeplitz determinant. In § 4, the asymptotic behavior of the spin-pair correlation function and the spontaneous magnetization are obtained. In § 5, we give some concluding remarks. § 2. Expressions of free energy and spin-pair correlation function
We consider the Ising model on the checkerboard lattice with an additional interaction Jy as shown in Fig. I(a) . In Fig. l(a) , the lattice sites are labeled as 
where jy is an interaction. The quantity h(···) denotes the hamiltonian of the cluster of spins on the four corner lattice sites in a shaded square in Fig. l(a) . For four spins 
and where the average < Q)2 is defined by and (2·2a)
Here 13T==-IlkB T, kB is the Boltzmann constant and T is an absolute temperature.
Under the conditions (2·2a) and (2·2b), the model is then reduced to an eight-vertex model consisting of two kinds of sublattice, as shown in Fig. 1 . If the model satisfies also the condition (2·2c), the model is a free-fermion eight-vertex model. The vertices in Fig For a vertex expressed by a solid square, the factor is (Z2/4)(51'511)2 if it is connected to two solid bonds fJ. and )./, and it is (Z2/4) or (Zz! 4)(51525354)2 if it is connected to zero or four solid bonds, accordingly. In II, Morita showed that some Ising models are transformed to the eight-vertex model in this form by using the techniques of division and integration of lattice sites. For the Ising model, where each of the shaded squares in Fig. l(a) is such a network of two-spin interactions that it may further contain internal spins and has noncrossing interactions, it is generally shown in III that the partition function can be expressed as (2'5) and the condition (2'2) is satisfied at every vertex.
In the eight-vertex model, two kinds of bonds are possible between every pair of nearest-neighbor vertices. They are called 50lid bond ·and dashed bond, which are represented by a solid-line segment and a dashed-line segment, respectively. The possible vertex configurations are denoted by ';:k,[,lI=l, 2, ... , 8 as shown in Fig. 3 . In the diagram in (2'5), when a pair of nearest-neighbor pair of lattice sites is not connected by a solid bond, we connect them by a "dashed bond". We then see that . the sum of diagrams in (2'5) 
The partition fun~tion (2'5) of this model as shown in Fig. 1(c) is expressed as .
where the symbol Trsv denotes the summation over all the possible solid-bond complexions. In this model satisfying (2·2c), the free-fermion conditions are satisfied such that
This condition for v=2 is guaranteed by the above assumption (2·2c). Next, we consider the spin-pair correlation function of the Ising model
By using the conditions (2·2), the numerator on the right-hand side TrIsl,l,lSl,l+N,l exp( -/3TH) is rewritten as the right-hand side of (2·5). In this case, the factor for a solid 
By using V dovichenko's method,6),9) the spin-pair correlation function of the system in attention is expressed as
Here PPP' (N) ({l, {l'=I, 2) are the NxN matrices whose (l, l')-elements are given by and
The coefficients ai (i=O, ±1, ±2) and bi are given by (7) ,
We now use the identity
in integrating with respect to 0 in (2·19a) and (2· 19b). We then obtain the expression for <tlPpP'(N)Il'> as
and nw(z) are defined by
By using (2·23) in (2 ·18), the spin-pair correlation is expressed as
FN-I FN-Z FN-3 Fo
where Fz are the coefficients in the Laurent expansion of a 2 X 2 matrix fUliction fez)
in a region I/R:O::; Izl:o::; R (R > 1), and the generating function fez) is defined by
It is verified that the following equality holds:
Hereafter, the right-hand side of (2'26) will be denoted by DN [f] . When wz (5)wz (8)=wz (6)wz (7), (2'21) shows that the coefficient bi is equal to zero and then fez) given by (2'27) is diagonal and the right-hand side of (2·26) is reduced to a product of two ordinary ToepIitz determinants. In this case, we can easily evaluate the asymptotic behavior of the spin-pair correlation function by using McCoy and Wu's theory.3), 4) When ly=O, this model is just the Ising model on the checkerboard lattice under consideration. In this case, the coefficients a-2, a-I and d2 are equal to zero, and d(z) =0 is not an algebraic equation of the eighth degree but one of the fourth degree. Although the matrix function n(z) has the form (3·1) of I for L=2, it is not obvious that theorem 3.1 of I is applicable for the present n(z). Because of these reasons, we need to give a calculation for the asymptotic behavior of the correlation function in the case ly=O in the following sections. § 3. Mathematical theorems for block Toeplitz determinants
In this section, we prepare three theorems for investigating the asymptotic behavior of the block Toeplitz determinant such as the one whose generating function is given by (2·27). The first theorem is given in an extended form from the correspondingone of I in order to factorize the generating function in (2·27). The other two theorems are used to calculate the asymptotic form of the block Toeplitz determinant when its generating function is expressed in a factorized form. The latter two theorems are stated without the proof, which are found in Refs. 26) and 27).
a. Factorization of a 2 x 2 polynomial matrix function
We consider a 2 x 2 matrix function a(z) of complex variable z which is expressed as
It is assumed that a(z) is invertible in a region l/RslzlsR (R>l), namely, that det a(z) never vanishes in the region. Furthermore, we assume that the matrix elements au(z) (i, j = 1, 2) of a(z) satisfy the following conditions:
which are equivalently written as
It is noted that, when L=O, the matrix function a(z) under consideration is reduced to constant x I, where I is the 2 x 2 unit matrix. 
where V is the matrix defined by
where Cl and Cz are nonzero constants which can be chosen arbitrarily. Furthermore, the matrix function b(z) is expressed as
and its matrix elements satisfy the same conditions as (3·2).
As shown in I, we remark that the zeros of detb(z) are those of deta (z) and that, when L=l, b(z) is equal to constant X I. Moreover, at least one of the pairs (a, (3) and (a-I, (3) satisfies the condition (3·5) provided that none of alZ (/3) and all(a)+aZz (a) are zero.
When a is nonzero, it is a zero of deta(z), and all(a) and alZ(a) may be replaced by all(a) and ada), respectively, in (3·5) and (3·7), choosing Cl=a-P1 • When /3 is nonzero, similar replacements are possible. When both a and /3 are not zero, this theorem was proved in 1. When one of a and /3 is zero, a proof is given in the Appendix.
b. Asymptotic forms of block Toeplitz determinants
We consider a 2 X 2 matrix function fez) which is
where lal<l/R (R>l), and U and V are invertible matrices independent of z. We assume that tl(z) is analytic and nonzero in the region l/R:::;;lzl:::;;R. We study an NxN block Toeplitz determinant DN[f] which is defined by the right-hand side in (2'·26) in terms of the Laurent coefficients of the matrix function fez) given by (3·9), Fl(l=O, ±1, ±2, "').
First, we consider the case where In(tl(z)) as well as tl(z) is analytic in the region l/R<lzl<R. Then, In(tl(z)) is expressed as 
The functions tl+(z) and tl-(z) are analytic and nonzero in the regions respectively. When the quantity B(N), which is dependent on N, is defined by
(3 '18) we have the following theorem. We shall factorize fez) by using the zeros of function d(z). Since d(z)=d(Z-I), the four zeros are denoted by K/I and K2±1. Except at the critical temperature Te, neither IKII nor IK21 is equal to unity. We choose a zero of d(z) which is inside the unit circle and has the smallest absolute value of all zeros as K2. If we put a(z)= n(z), the a(z) satisfies the conditions in Theorem 3.1. By (4-2), the orders of poles are Pll=O, PI2=1, P21=1 and P22=2, and hence PI=l and P2=2. We see that detii(z)=O when z=O. By applying Theorem 3.1, putting a=K2, /3=0, CI=K2-I and C2=-bl-I, we obtain
where V is defined in terms of the matrix elements nij(z) (i, j=l, 2) of n(z), by . The (i, j)-elements of n(z), nij(z) (i, j=l, 2), are given by We can confirm that the equality (4·3) is valid by using the following property:
Furthermore, it is confirmed that the same theorem is applicable to ii(z) by choosing Q' = 0 and /3 = Kl, and we get
where U is defined by (4 ·13) and D is a constant.
If we substitute Eq. (4 ·12) into Eq. (2·27), we find that d(z) is expressed as
Finally, the generating function f(z) given in Eq. (4 ·1) is factorized as
where ;\(z) is a function of z defined by It is straightforward to extend the argument in Case 2 to obtain the asymptotic behavior in the case that Kl and I/K2 are complex conjugates of each other. In Case 1, the function In(;\(z)) is analytic in a region including the unit circle and we can apply Theorem 3.2. We obtain the asymptotic behavior of <Sl,l,lSl,l+N,l) as follows:
where M is defined by
(4 ·19) Case 1 corresponds to the ordered phase. In Case 2, the function In( -zil(z» is analytic in a region including the unit circle. We can apply Theorem 3.3 to this case and obtain the asymptotic behavior of <SI,I,lSI,l+N,I) as follows:
Case 2 corresponds to the disordered phase. In Case 1, the spontaneous magnetization M remains nonzero and the case corresponds to the ordered state. In Case 2, the spontaneous magnetization M vanishes and the case corresponds to a disordered state. In In this paper, we calculate the spin-pair correlation function along the diagonal direction for the Ising model on the checkerboard lattice, by using Morita's techniques of division and integration 24 ) and V dovichenko's method. 6 ),9) We estimate the asymptotic behavior of the spin-pair correlation function for large distance by using the theory of the block Toeplitz determinant. 16),26),27) For this Ising model, we obtained the spontaneous magnetization as (4 ·19) and two kinds of asymptotic behavior for the spin-pair correlation function as (4 ·18) and (4·20).
The model studied here includes the Ising model on the generalized Kagome lattice as shown in Fig. 4 . Introducing a trick used by Baxter, 22) large N can easily be evaluated by using McCoy and Wu's theory.3),4) The detailed results and discussion for that model will be given elsewhere. The proof is completed. . q.e.d.
